Abstract. We relate two parameter solutions of the sixth Painlevé equation and finite-gap solutions of the Heun equation by considering monodromy on a certain class of Fuchsian differential equations. In the appendix, we present formulae on differentials of elliptic modular functions, and obtain the ellitic form of the sixth Painlevé equation directly.
Introduction
In this paper we make a study on two differential equations. One is the Heun equation, and the other is the sixth Painlevé equation.
Heun's differential equation ( In the 1980's, Treibich and Verdier [16] found that the Heun equation is related with the theory of the finite-gap potential, and several others have produced more precise statements and concerned results on this subject. Namely, integral representations of solutions, global monodromy in terms of hyperelliptic integrals and the HermiteKrichever Ansatz for the case γ, δ, ǫ, α − β ∈ Z + 1 2 are investigated (see [1, 2, 9, 11, 12, 13, 14] [7] , and if κ 0 = κ 1 = κ t = κ ∞ = 1/2, then Eq.(1.3) has two parameter solutions called Hitchin's solution [3] .
In this paper we investigate a family of solutions to the sixth Painlevé equation including Hitchin's solutions by applying Hermite-Krichever Ansatz which is used to study the Heun equation in [14] . More precisely, we develop the Hermite-Krichever Ansatz for a certain class of Fuchsian differential equations which include the linear differential equation that produce the sixth Painlevé equation by monodromy preserving deformation. By considering monodromy preserving deformation for the solutions to the linear differential equation, we obtain solutions to the sixth Painlevé equation including Hitchin's solutions. This paper is organized as follows. In section 2, we obtain integral representations of solutions to a certain class of Fuchsian differential equations and rewrite them to the form of the Hermite-Krichever Ansatz. In section 3, we apply the results in section 2 for the Heun equation. In section 4, we show that the solutions to the linear differential equations considered in section 2 produce two parameter solutions to the sixth Painlevé equation by monodromy preserving deformation. Some explicit solutions that include Hitchin's solution are displayed. In section 5, we give concluding remarks and present an open problem. In the appendix, we present formulae on differentials of elliptic modular functions, and obtain the ellitic form of the sixth Painlevé equation directly.
Fuchsian differential equation and Hermite-Krichever Ansatz
In this section, we consider differential equations which have additional apparent singularities to the Heun equation. More precisely, we consider the equation
Here, a regular singular point x = a of a linear differential equation of order two is said to be apparent, if and only if the differential equation does not have a logarithmic solution at x = a and the exponents at x = a are integers.
Let ℘(x) be the Weierstrass ℘-function with periods (2ω 1 , 2ω 3 ). We set ω 0 = 0, ω 1 = 1/2 ω 3 = τ /2, ω 2 = −ω 1 − ω 3 and e i = ℘(ω i ) (i = 1, 2, 3). It is known that, if t = 0, 1, ∞, then there exists a value τ ∈ R+ √ −1R >0 such that t = (e 3 −e 1 )/(e 2 −e 1 ). By a certain transformation, Eq.(2.1) is rewritten in terms of elliptic functions such as
where
The parameters i ′ (i ′ = 1, . . . , M) corresponds to the parameterõ i ′ , and the parameter p corresponds toẼ. Apparency of the singularity at w = ±δ i ′ on Eq.(2.2) inherits from apparency of the singularity at w = b i ′ on Eq.(2.1).
We now review the propositions on solutions to Eq.(2.2) obtained in [15] . The first one is an integral representation of solutions in terms of elliptic functions. We set
Proposition 2.1. [15] Assume that l 0 , . . . , l 3 ∈ Z ≥0 , r 1 , . . . , r k ∈ Z ≥1 , and the regular singular points {b 1 , . . . , b k } are apparent. Then there exists an even doubly-periodic function Ξ(x) and a value Q such that
is a solution to the differential equation (2.2).
For the constructions of Ξ(x) and Q, see [15] We now show that a solution to Eq.(2.2) can be expressed in the form of the Hermite-Krichever Ansatz. In our situation, the Hermite-Krichever Ansatz asserts that the differential equation has solutions that are expressed as a finite series in the derivatives of an elliptic Baker-Akhiezer function, multiplied by an exponential function. We set
where σ(x) (resp. ζ(x)) is the Weierstrass sigma (resp. zeta) function. Then we have
for i = 0, 1, 2, 3, j ∈ Z ≥0 and k = 1, 3, where η k = ζ(ω k ) (k = 1, 3). The following proposition asserts that a solution to Eq.(2.2) is written in the form of the HermiteKrichever Ansatz.
for some values α, κ andb
for some valueκ and doubly-periodic function p(x). (For a detailed expression of p(x), see [15] .) (ii) If l 0 , . . . , l 3 ∈ Z ≥0 , r 1 , . . . , r k ∈ Z ≥1 , and the regular singular points {b 1 , . . . , b k } are apparent, then there exists a non-zero solution to Eq.(2.2) that is expressed as Eq.(2.8) or Eq.(2.9).
The monodromy of the function Λ g (x) is expressed in terms of α and κ. In fact, if the function Λ g (x) is written as Eq.(2.8), then 
is called the TreibichVerdier potential, and is an example of algebro-geometric finite-gap potential (see [16, 2, 9, 13] ). For the case M = 0 and l 0 , l 1 , l 2 , l 3 ∈ Z ≥0 , there is no constraint relation for the apparency of additional regular singularity. Hence Propositions 2.1 and 2.2 holds true. The function Ξ(x) in Proposition 2.1 is written as
where the coefficients c 0 (E) and b
j (E) are polynomials in E, they do not have common divisors and the polynomial c 0 (E) is monic. The value Q is expressed as
It follows from Eq.(3.1) that Q is independent of x, and it is a monic polynomial in E (see [11] ). A solution to Eq.(3.1) is expressed by an integral (see Eq.(2.5)), and it is also expressed in a form of the Hermite-Krichever Ansatz (see Proposition 2.2). It is shown in [14] that the values ℘(α), ℘ ′ (α)/ √ −Q and κ/ √ −Q are expressed as rational functions in E, and it follows that global monodromy of the Heun equation for the case l 0 , l 1 , l 2 , l 3 ∈ Z ≥0 is written as an elliptic integral. On the other hand, it is known that global monodromy is also expressed by a hyperelliptic integral (see [13] ). By comparing the two expressions, we obtain a hyperelliptic-to-elliptic integral reduction formula (see [14] ).
We expressed the functions appeared in this section for the case l 0 = 2, l 1 = l 2 = l 3 = 0. Note that Eq.(3.1) for the case l 1 = l 2 = l 3 = 0 is called the Lamé equation.
The case
where g 2 = −4(e 1 e 2 + e 2 e 3 + e 3 e 1 ). Then the function
is a solution to Eq.(3.4). The monodromy formula in terms of hyperelliptic integral is written as
is also expressed in the form of the Hermite-Krichever Ansatz as
for the case E 2 = 3g 2 , and the values α and κ are determined as
where g 3 = 4e 1 e 2 e 3 . The monodromy is written by using the values α and κ (see Eq.(2.10)). By comparing two expressions of monodromy, we obtain that
These formulae reduce hyperelliptic integrals of genus two to elliptic integrals.
Sixth Painlevé equation
We consider the Fuchsian differential equation (2.1) for the case M = 1, r 1 = 1. Then Eq.(2.1) is transformed to (4.1)
We set
The condition that, the regular singular points x = ±δ 1 is apparent, is written as
From now on we assume that l 0 , l 1 , l 2 , l 3 ∈ Z ≥0 and the eigenvalueẼ satisfies Eqs.(4.3, 4.4). Then Propositions 2.1 and 2.2 hold true. It is known [15] that the function Ξ(x) in Proposition 2.1 is written as
Ratios of the coefficients c 0 /d 0 and b
are written as rational functions in variables b 1 and µ 1 . The value Q in Proposition 2.1 is expressed as a rational function in b 1 and µ 1 multiplied by d 2 0 . By Proposition 2.2, the eigenfunction Λ g (x) in Eq.(2.5) is also expressed in the form of the Hermite-Krichever Ansatz. Namely, it is expressed as
for some doubly-periodic function p(x), where l = l 0 + l 1 + l 2 + l 3 + 1,l 0 = l 0 + 1 and l i = l i (i = 1, 2, 3). For the values α and κ, we have If α ≡ 0 (mod 2ω 1 Z ⊕ 2ω 3 Z), then the function Λ g (x) is expressed as Eq.(4.6) and we have
We
with the Hamiltonian 
Then the sixth Painlevé equation is equivalent to the following equation (see [6, 10] ):
where ℘ ′ (z) = (∂/∂z)℘(z). In the appendix, we obtain the elliptic form of the sixth Painlevé equation (i.e., Eq.(4.12)) from the original sixth Painlevé equation (i.e., Eq. (1.3) ).
It is widely known that the sixth Painlevé equation is obtained by the monodnomy preserving deformation of a certain linear differential equation. Let us introduce the following Fuchsian differential equation:
This equation has five regular singular points {0, 1, t, ∞, λ} and the exponents at w = λ are 0 and 2. It follows from Eq.(4.10) that the regular singular point w = λ is apparent. Then the sixth Painlevé equation is obtained by the monodromy preserving deformation of Eq.(4.9), i.e., the condition that the monodromy of Eq.(4.13) is preserved as deforming the variable t is equivalent to that µ and λ satisfy the Painlevé system (see Eq.(4.9)), provided κ 0 , κ 1 , κ t , κ ∞ ∈ Z. For details, see [5] .
We transform Eq.(4.13) into the form of Eq.(4.1). We set
Then we obtain Eq.(4.1) by setting Now we consider the monodromy preserving deformation in the variable τ (ω 1 = 1/2, ω 3 = τ /2) by applying solutions obtained by the Hermite-Krichever Ansatz for the case l i ∈ Z ≥0 (i = 0, 1, 2, 3). Let α and κ be values determined by the HermiteKrichever Ansats (see Eq.(4.6)). We consider the case Q = 0. Then a basis for solutions to Eq.(2.2) is given by Λ g (x) and Λ g (−x), and the monodromy matrix with respect to the cycle x → x + 2ω k (k = 1, 3) is diagonal with the eigenvalues exp(±(−2η k α + 2ω k ζ(α) + 2κω k )) (see Eq.(4.8)). The values −2η k α + 2ω k ζ(α) + 2κω k (k = 1, 3) are preserved by the monodromy preserving deformation. We set
for contants C 1 and C 3 . By Legendre's relation η 1 ω 3 − η 3 ω 1 = π √ −1/2, we have
√ −Q are expressed as rational functions in variables b 1 and µ 1 . By solving these equations for b 1 and µ 1 and evaluating them into Eq.(4.1), the monodromy of the solutions to the differential equation (4.1) on the cycles x → x + 2ω k (k = 1, 3) are preserved for the fixed values C 1 and C 3 . Thus we obtain the following proposition which was established in [15] .
Proposition 4.2. [15]
We set ω 1 = 1/2, ω 3 = τ /2 and assume that l i ∈ Z ≥0 (i = 0, 1, 2, 3) and Q = 0. By solving the equations in Proposition 4.1 in variable b 1 = ℘(δ 1 ) and µ 1 , we express ℘(δ 1 ) and µ 1 in terms of ℘(α), ℘ ′ (α) and κ, and we replace ℘(α), ℘ ′ (α) and κ with ℘(C 3 ω 1 −C 1 ω 3 ), ℘ ′ (C 3 ω 1 −C 1 ω 3 ) and ζ(C 1 ω 3 −C 3 ω 1 ) + C 3 η 1 −C 1 η 3 . Then δ 1 satisfies the sixth Painlevé equation in the elliptic form
We observe the expressions of b 1 and µ 1 in detail for the cases l 0 = l 1 = l 2 = l 3 = 0 and l 0 = 1, l 1 = l 2 = l 3 = 0.
The case
We assume that b 1 = e 1 , e 2 , e 3 . The condition that the regular singular points x = ±δ 1 (℘(δ 1 ) = b 1 ) are apparent is written as .28) Ξ
The value Q is calculated as
Then a solution to Eq.(4.26) is written as Λ g (x)
, and is expressed in the form of the Hermite-Krichever Ansatz as
for generic (µ 1 , b 1 ) . The values α and κ are determined as
Hence we have
From Proposition 4.2, the function δ 1 determined by
is a solution to the sixth Painlevé equation in the elliptic form (see Eq.(4.25) ). This solution coincides with the one found by Hitchin [3] . Now we consider the case Q = 0. If Q = 0, then µ 1 = 0 or µ 1 = 1/(2(b 1 − e i )) for some i ∈ {1, 2, 3}. For the case µ 1 = 0, the function δ 1 , which is determined by
is a solution to the sixth Painlevé equation for constants D 1 and D 3 . For the case µ 1 = 1/(2(b 1 − e i )) (i ∈ {1, 2, 3}), the function δ 1 determined by
is a solution to the sixth Painlevé equation. 
We assume that b 1 = e 1 , e 2 , e 3 . The condition that the regular singular points x = ±δ 1 (℘(δ 1 ) = b 1 ) are apparent is written as
The doubly-periodic function Ξ(x) is calculated as
, and the value Q is calculated as
Then a solution to Eq.(4.37) is written as Λ g (x), and it is expressed in the form of the Hermite-Krichever Ansatz as
,
is a solution to the sixth Painlevé equation in the elliptic form (see Eq.(4.25)). In the sixth Painlevé equation, it is known that the case (κ 0 , κ 1 , κ t , κ ∞ ) = (1/2, 1/2, 1/2, 3/2) is linked to the case (κ 0 , κ 1 , κ t , κ ∞ ) = (1/2, 1/2, 1/2, 1/2) by Bäcklund transformation (see [17] ). By transformating the solution in Eq.(4.34) of the case (κ 0 , κ 1 , κ t , κ ∞ ) = (1/2, 1/2, 1/2, 1/2) to the one of the case (κ 0 , κ 1 , κ t , κ ∞ ) = (1/2, 1/2, 1/2, 3/2), we recover the solution in Eq.(4.46). Now we consider the case Q = 0. If Q = 0, then µ 1 is a solution to the equation 2(4b 
On the other hand, by adding an apparent singularity to the Heun equation, we obtain Fuchsian differential equations that produce the sixth Painlevé equation by monodromy preserving deformation (see section 4).
The sixth Painlevé equation is rewritten as Eq.(4.12), and it is equivalent to the Hamiltonian system (see [10] ) 
For the case (κ 0 , κ 1 , κ t , κ ∞ ) ∈ O 1 , solutions of the linear differential equation are investigated by our method, and solutions of the sixth Painlevé equation follow from them (see Proposition 4.2). By Bäcklund transformation of the sixth Painlevé equation (see [17] etc.), Hitchin's solution (i.e., solutions for the case (κ 0 , κ 1 , κ t , κ ∞ ) = (
)) is transformed to the solutions for the case (κ 0 , κ 1 , κ t , κ ∞ ) ∈ O 1 ∪ O 2 . But we cannot obtain results on integral representation and the Hermite-Krichever Ansatz by our method for the case (κ 0 , κ 1 , κ t , κ ∞ ) ∈ O 2 . Note that the condition (κ 0 , κ 1 , κ t , κ ∞ ) ∈ O 2 corresponds to the condition l 0 , . . . , l 3 ∈ Z + 1 2 , l 0 + l 1 + l 2 + l 3 ∈ 2Z. How can we investigate solutions and their monodromy of the linear differential equation for the cases l 0 , . . . , l 3 ∈ Z + 1 2
Appendix A. Elliptic form of sixth Painvé equation
We calculate the differentiation of modular functions, which will be used to rewrite the sixth Painlevé equation.
Proposition A.1. (c.f. [6] ) Set ω 1 = 1/2, ω 3 = τ /2, t = (e 3 − e 1 )/(e 2 − e 1 ). Then we have
Proof. Set u = (z − e 1 )/(e 2 − e 1 ). Then
, (℘(x + τ /2) − e 3 )dx = e 2 − e 1 (e 3 − e 2 )(e 3 − e 1 ) (−η(1/2 + τ ) + η(1/2 + τ /2) − e 3 τ /2) = e 2 − e 1 (e 3 − e 2 )(e 3 − e 1 ) (−η 3 − e 3 τ /2). 
